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Axion-like particles (ALPs) might constitute the totality of the cold dark matter (CDM) observed.
The parameter space of ALPs depends on the mass of the particle m and on the energy scale of
inflation HI , the latter being bound by the non-detection of primordial gravitational waves. We
show that the bound on HI implies the existence of a mass scale m¯χ = 10neV÷0.5 peV, depending
on the ALP susceptibility χ, such that the energy density of ALPs of mass smaller than m¯χ is too
low to explain the present CDM budget, if the ALP field has originated after the end of inflation.
This bound affects Ultra-Light Axions (ULAs), which have recently regained popularity as CDM
candidates. Light (m < mχ) ALPs can then be CDM candidates only if the ALP field has already
originated during the inflationary period, in which case the parameter space is constrained by the
non-detection of axion isocurvature fluctuations. We comment on the effects on these bounds from
additional physics beyond the Standard Model, besides ALPs.
I. INTRODUCTION
In the era of precision cosmology, the cold dark mat-
ter (CDM) budget in our Universe has been established
at about 84% of the total matter in the Universe, yet
its composition remains unknown. Among the proposed
hypothetical particles which could address this funda-
mental question is the QCD axion [1, 2], the quantum
of the axion field arising from the spontaneous breaking
of a U(1) symmetry conjectured by Peccei and Quinn
(PQ [3, 4]) to solve the strong-CP problem in quantum
chromodynamics (QCD). The symmetry breaking occurs
at a yet unknown energy scale fa, which is constrained
by measurements to be much larger than the electroweak
energy scale [5]. The mass of the QCD axion at zero
temperature m0 is related to the axion energy scale fa
by m0 fa = Λ
2
a, where the energy scale Λa is related to
the QCD parameter ΛQCD. Realistic “invisible” axion
models introduce new particles that further extend the
Standard Model: examples include the coupling of the
axion to heavy quarks [6, 7] or to a Higgs doublet [8, 9].
The history and the properties of axions produced in
the early Universe depend on the relative magnitude of
the energy scale fa compared to the inflation energy
scale HI [10–19]. In facts, if fa > HI/2pi, the break-
ing of the U(1)PQ symmetry occurs before reheating be-
gins and axions must be present during inflation, while,
if fa < HI/2pi, the axion field originates after the end
of inflation. Measurements of the CMB properties con-
strain the parameter space of the axion, including the
scale of inflation HI and axion isocurvature fluctuations.
Dense structures like axion miniclusters [20–25] or ax-
ion stars [26–28] could be used as laboratories for ax-
ion searches in the near future. Laboratory searches
have developed strategies that involve axion electrody-
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namics [29–34] for promising detection methods [35–39].
See Refs. [40–47] for reviews of the QCD axion.
Besides the QCD axion, other Axion-Like Particles
(ALPs) arise from various ultra-violet completion mod-
els, in which additional U(1) symmetries which are spon-
taneously broken are introduced, as well as some other
underlying physics. In facts, although the ALP mass
might share a common origin with the QCD axion, it is
possible for these particle not to be related to the dy-
namics of the gauge fields whatsoever. Examples include
“accidental” axions [48–54] and axions from string the-
ory [19, 55–64] that generally arise in models with extra
dimensions [65–70]. See also Ref. [71] for the effects of
wormholes to the QCD axion potential. The potential
of the axion thus generated might be in tension with the
recent swampland conjectures, unless some sophisticated
possibilities are considered [72–79]. In all these scenar-
ios, two energy scales emerge: the symmetry-breaking
scale Λ and the ALP decay constant f . Similarly to the
QCD axion, the ALP field acquires a mass m ∼ Λ2/f ,
so that, contrarily to the QCD axion, the mass m and
the energy scale f can be treated as independent param-
eters. An interesting proposed ALP is the Ultra-Light
Axion (ULA), of mass mULA ≈ 10−22 eV [80–91]. Such a
light axion, recently revised in Refs. [92, 93], would have
a wavelength of astrophysical scale λ ∼ 1 kpc and could
possibly address some controversies arising when treating
small scales in the standard ΛCDM cosmology, namely
the missing satellites and the cusp-core problems (see
Ref. [94] for a review).
ALPs from global and accidental U(1) symmetries
share a common cosmological history with the QCD ax-
ion and spectate inflation whenever f > HI/2pi. One
of the main results of the present paper is to show
that, in the opposite regime f < HI/2pi, the observa-
tional constraint on HI coming from the Planck mission
leads to a lower bound on the ALP mass, m >∼ m¯χ,
for some limiting mass m¯χ whose value depends on
the ALP susceptibility χ. We find a numerical value
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2m¯χ = 10neV ÷ 0.5 peV, depending on the value of χ.
This means that, if the CDM is discovered to be entirely
composed of an ALP of mass m < m¯χ, e.g. ULAs, such
particles must be already present during inflation. In-
stead, if an ALP is discovered with m > m¯χ, both cos-
mological origins are possible. We also show that, when
f > HI/2pi and the U(1) symmetry is never restored
afterwards, the non-detection of axion isocurvature fluc-
tuations by the Planck mission leads to an upper bound
on the scale of inflation HI , regardless of the ALP mass.
Although this second result is quite straightforward to
derive, it has never been stressed in the past literature.
The paper is organized as follows. In Sec. II we review
the temperature dependence of the QCD axion mass, the
ALP parameter space, and we derive the lower bound on
the ALP mass. In Sec. III we show results for the ALP
parameter space, assuming either a cosine or a harmonic
potential. In Sec. IV, we discuss some exceptions to the
computation used coming from the effects of some physics
beyond the standard model, including the modification to
the effective number of degrees of freedom, non-standard
cosmologies, or entropy dilution. Conclusions are drawn
in Sec. V.
II. ALPS AND INFLATION
A. Reviewing the temperature dependence of the
QCD axion mass
The QCD axion mass originates from non-perturbative
effects during the QCD phase transition. At zero tem-
perature, the axion gets a mass m0 from mixing with the
neutral pion [1],
m0 =
Λ2a
fa
=
√
z
1 + z
mpifpi
fa
, (1)
where z = mu/md is the ratio of the masses of the
up and down quarks, mpi and fpi are respectively the
mass and the energy scale of the pion, and fa is the
QCD axion energy scale. The energy scale Λa is propor-
tional to the QCD scale ΛQCD, so that the axion mass is
tied to the underlying QCD theory. Using z = 0.48(5),
mpi = 132 MeV, and fpi = 92.3 MeV, the authors in
Ref. [95] obtain Λa = 75.5 MeV, a value slightly smaller
than what obtained in other work. For example, Ref. [44]
obtains Λa = 78 MeV within the framework of the “inter-
acting instanton liquid model”, fixing the QCD scale to
ΛQCD = 400 MeV. Recently, more refined computations
on the QCD lattice have become accessible [96–98].
When temperature-dependent effects become impor-
tant, the QCD axion mass acquires a complicated de-
pendence on the plasma temperature [99, 100]. Here, we
model such dependence as [44, 101, 102]
ma(T ) =
α
2Λ2QCD
fa
(
ΛQCD
T
)χ/2
, for T ≥ Teff ,
m0, for T < Teff ,
(2)
where χ is the QCD axion susceptibility and α is a nu-
merical factor. At present, there is no general consen-
sus on the numerical value of the susceptibility, which
depends on the particle content of the embedding the-
ory [103, 104], as well as the computational technique
used [44, 96, 101]. Ref. [44] obtains χ = 6.68 and
α = (1.68 × 10−7)1/4 ≈ 0.02 while the methods in
Refs. [15, 99, 100, 105] predict χ = 8 and
α =
Λa
ΛQCD
C1/2
(
ΛQCD
200 MeV
)1/4
≈ 0.03÷ 0.05, (3)
where C = 0.018, see Eq. (4) in Ref. [105]. In addi-
tion, we have introduced the temperature scale Teff =
ΛQCD(αΛQCD/Λa)
4/χ at which the two expressions in
Eq. (2) match. This allows us to rewrite Eq. (2) as
ma(T ) = m0G(T ), with the function
G(T ) =
{(
Teff
T
)χ/2
, for T ≥ Teff ,
1, for T < Teff .
(4)
B. Observational constraints
The QCD axion, and more generally ALPs, are suit-
able CDM candidates in some region of the parameter
space, provided that these particles are produced non-
thermally. In the following, we assume that the totality
of the observed CDM budget is in the form of ALPs of
mass m. This is equivalent to demanding that the energy
density in ALPs, here ρA, is equal to the present CDM
energy density ρCDM. We write this requirement as
ΩAh
2 = ΩCDMh
2 = 0.1197± 0.0022 (5)
where ΩA = ρA/ρcrit and ΩCDM = ρCDM/ρcrit are, re-
spectively, the energy densities in ALPs and in the ob-
served CDM [106] at 68% Confidence Level (CL), both
given in units of the critical density ρcrit = 3H
2
0M
2
Pl/8pi,
with the Planck mass MPl = 1.221×1019 GeV and where
h is the Hubble constantH0 in units of 100 km s
−1Mpc−1.
Besides its mass, energy scale, and initial value of the
misalignment angle, the ALP energy budget depends on
the Hubble expansion rate HI at the end of inflation,
which is constrained from measurements on the scalar
power spectrum ∆2R(k0) and the tensor-to-scalar ratio
rk0 at the pivotal scale k0 as [107, 108]
HI <
MPl
4
√
pi∆2R(k0) rk0 ∼ 7× 1013 GeV. (6)
The numerical value of the bound has been computed
by using the measurements at the wave number k0 =
0.05 Mpc−1 [109–113]
∆2R(k0) = (2.215
+0.032
−0.079)× 10−9, at 68% CL, (7)
rk0 < 0.07, at 95% CL. (8)
3We finally comment on isocurvature perturbations.
Quantum fluctuations imprint into all massless scalar
field a present during inflation, with variance [114, 115]
〈|δa2|〉 =
(
HI
2pi
)2
. (9)
Primordial quantum fluctuations later develop into
isocurvature perturbations [116], which modify the num-
ber density of axions, since the gauge invariant entropy
perturbation is non-zero [117–119],
Sa = δ (na/s)
na/s
6= 0, (10)
where s is the comoving entropy and na the axion num-
ber density. If all of the CDM is in axions, then we
define [105, 120, 121]
∆2S,A ≡ 〈|Sa|2〉 = ∆2R(k0)
β
1− β , (11)
where the parameter β is constrained from Planck [109,
110] at the scale k0 = 0.05 Mpc
−1 as
β <∼ 0.037, at 95% CL, (12)
independently on the ALP mass.
C. Constraining the ALP mass
We now consider the parameter space of ALPs pro-
duced through the vacuum realignment mechanism
(VRM) [122–124], as revised in Appendix A. Although,
in principle, other mechanisms in addition to the VRM
like the decay of topological defects produced at the PQ
phase transition through the Kibble mechanism [125] and
the decay of parent particles into ALPs might sensibly
contribute to the present abundance of cold ALPs, we do
not consider them here.
Similarly to what obtained for axions, we represent
the ALP mass as m(T ) = mG(T ), where m is a new
parameter and G(T ) is given in Eq. (4). The ALP sus-
ceptibility χ might take any real non-negative value and
is left here as a free parameter. An infinite susceptibil-
ity corresponds to the ALP mass abruptly jumping from
zero to the value m at temperature Teff ; any finite value
of χ results in a smoother transition. ALPs from string
theory or arising from accidental symmetries have χ = 0.
The ALP energy scale f is related to the ALP mass by
f = Λ2/m, where Λ is a new energy scale specified by an
underlying theory. Finally, we write Teff = cΛ, for some
constant value c.
We review the non-thermal production of a cosmolog-
ical population of ALPs from the misalignment mecha-
nism in the Appendix A, assuming that ALPs move in
the potential
V (θ) = f2m2(T ) (1− cos θ) , (13)
where θ = a/f and a is the ALP field. We assume that,
when the ALP field originates, the initial value of the
misalignment angle is θi. The present value of the ALP
energy density obtained from the misalignment mecha-
nism is given in Eq. (A17),
ρA =
Λ4G(T1)
2
gS(T0)
gS(T1)
(
T0
T1
)3
〈θ2i 〉, (14)
where 〈θ2i 〉 is the initial value of the misalignment an-
gle squared, averaged over our Hubble volume, while the
effective number of relativistic (“R”) and entropy (“S”)
degrees of freedom are defined as [115]
gR(T ) =
∑
i
(
Ti
T
)4 ∫ +∞
0
Qi(x)dx, (15)
gS(T ) =
3
4
∑
i
(
Ti
T
)3∫ +∞
0
x2Qi(x)
(
1+
x2
3(x2+y2i )
)
dx,
Qi(x) =
15gi
pi4
√
x2 + y2i
exp
(√
x2 + y2i
)
+ (−1)Qfi
. (16)
In the expressions above, T is the temperature of the
plasma, and the sum runs over the i species considered,
each with temperature Ti, mass mi, yi ≡ mi/Ti, and
Qfi = 1 (Q
f
i = 0) if i is a fermion (boson). Instead of
computing the integrals in Eqs. (15)-(16), we have con-
sidered the parametrization in Refs. [44, 126], where the
effective number of degrees of freedom are approximated
with a series of step functions, for temperatures up to
O(100 GeV).
In Eq. (14), we have introduced the initial value of the
misalignment angle θi, which is the ALP field in units of
f , and angle brackets define the average over all possible
values of θi. In this scenario, θi takes different values
within our Hubble horizon, so
〈θ2i 〉 =
1
2pi
∫ pi
−pi
θ2i F (θi) dθi, (17)
where the weighting function F (θi) has been thoroughly
discussed in the literature [18, 93, 102, 127–130]. Here,
we take [93]
F (θi) = ln
[
e
1− (θi/pi)4
]
, (18)
which gives
√〈θ2i 〉 = 2.45.
Coherent oscillations in the ALP field begin at tem-
perature T1 given by 3H(T1) = m, see Eq. (A2) below,
and the Hubble rate during radiation domination is
H(T ) = A(T ) T
2
3MPl
, A(T ) =
√
4pi3
5
g∗(T ). (19)
The temperature T1 at which the coherent oscillations in
the ALP field begin is
T1 = Teff

(
fˆ
f
) 2
4+χ
, for f ≤ fˆ ,(
fˆ
f
) 1
2
, for f > fˆ .
(20)
4where we have defined the axion energy scale
fˆ ≡ MPl
c2A(T1) . (21)
Inserting Eq. (20) into Eq. (14), we obtain the present
ALP energy density as
ρA = ρˆA 〈θ2i 〉
(
m
fˆ
)1/2 
(
f
fˆ
) 16+3χ
2(4+χ)
, for f ≤ fˆ ,(
f
fˆ
)2
, for f > fˆ ,
(22)
where we have defined
ρˆA =
g∗S(T0)
g∗S(T1)
fˆ
2
(
T0
c
)3
. (23)
If the ALP field originates after inflation, the energy den-
sity is a function of the mass m and the ALP energy scale
f only, but it does not depend on θi which is averaged
out. Equating ρA in Eq. (22) with the CDM energy den-
sity ρCDM = ΩCDM ρcrit gives
f = fˆ

(
ρCDM
ρˆA〈θ2i 〉
) 8+2χ
16+3χ
(
fˆ
m
) 4+χ
16+3χ
, for f ≤ fˆ ,(
ρCDM
ρˆA〈θ2i 〉
) 1
2
(
fˆ
m
) 1
4
, for f > fˆ .
(24)
For any value of m, Eq. (24) expresses the value of f for
which the ALP explains the observed CDM budget.
We show that lighter ALPs cannot make the totality
of the CDM when produced after the end of inflation. In
facts, the region where f < HI/2pi (which implies f < fˆ)
is constrained by the bound on HI expressed in Eq. (6),
which leads to the lower bound on the ALP mass,
m ≥ m¯χ ≡ fˆ
 64pi
∆2R(k0) rk0
(
fˆ
MPl
)2
16+3χ
8+2χ (
ρCDM
ρˆA〈θ2i 〉
)2
.
(25)
The numerical value of m¯χ depends on the susceptibil-
ity χ and on the value of the constant c in the model.
Setting c = 1, we obtain the limiting cases m¯0 = 10neV
and m¯∞ = 0.5 peV. Axion theories where m < m¯χ must
embed the axion production in the inflationary mecha-
nism, as we discuss below. We remark that the bound
in Eq. (25) only applies if the ALP field originated after
the end of inflation, f < HI/2pi, and if the ALP field
has originated from the breaking of a U(1) symmetry. in
these scenarios, a Hubble volume contains a multitude
of patches where the axion field has a different, random
value. These patches are bound by topological defects
which could decay and leave to an additional component
of the cold ALP energy density. The inclusion of non-
relativistic ALPs from the decay of topological defects
would increment their number density, potentially reduc-
ing the value of m¯χ by a couple of orders of magnitude.
Here, we do not consider such contribution. Notice that
the result in Eq. (25) does not depend on the value of Λ.
D. ALPs and inflation
ALPs of mass smaller than m¯χ can still be regarded as
CDM candidates, although the related U(1) symmetry
must have broken during the inflationary period, with
the ALP energy scale satisfying f > HI/2pi. The cos-
mological properties of such ALPs would greatly differ
from those described in the region f < HI/2pi, in par-
ticular no defects are present and a unique value of θi is
singled out by the inflationary period within our Hub-
ble volume. For example, consider the case of an ULA
of mass mULA = 10
−22 eV, which is the mass scale pro-
posed to solve some small-scale galactic problems [80–91]
and recently has been vigorously reconsidered as a possi-
ble CDM candidate [92]. Since the mass scale mULA falls
well within the limit excluded by Eq. (25), ULAs must
have been produced during inflation to be the CDM, with
a precise relation between the initial misalignment an-
gle and the energy scale given by Eq. (24) with 〈θ2i 〉 re-
placed by θ2i F (θi). The replacements accounts for the
fact that the angle average 〈θ2i 〉 singles out a uniform
value for θi over the entire Hubble volume. In this sce-
nario, we expect that the initial misalignment angle is
of the order of one, with smaller values of θi still possi-
ble albeit disfavored. In Fig. 1, we show the value for f
given in Eq. (24), as a function of the ALP mass m, for
the value θi = 1 and for different values of the ALP
susceptibility: χ = 0 (blue solid line), χ = 8 (green
dotted line), χ = +∞ (red dashed line). Values of f
of the order of the GUT scale f ∼ 1015 GeV are ex-
pected for m ∼ 10−17 ÷ 10−13 eV, while the ULA mass
mULA ∼ 10−22 eV gives f ∼ 1017 GeV [92]. For higher
values of the ALP mass, the spread among f for different
values of χ widens.
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FIG. 1. The energy scale f as a function of the ALP mass
m, Eq. (24). We have chosen the initial misalignment angle
θi = 1 and different values of the susceptibility: χ = 0 (blue
solid line), χ = 8 (green dotted line), χ = +∞ (red dashed
line).
5III. FRAMING THE ALP PARAMETER SPACE
A. Cosine potential
We apply the expression for axion isocurvature fluctu-
ations in Eq. (11) to the ALP scenario, to obtain [131]
∆2S,A =
(
∂ ln ρA
∂θi
)2
〈δθ2i 〉 =
(
HI F(θi)
pi θi f
)2
, (26)
where in the last step we have used Eq. (9), and where
we defined the function
F(x) = 1 + xF
′(x)
2F (x)
. (27)
Results on the various bounds on the ALP parameter
space are summarized in Fig. 2. Since we do not con-
sider the contribution from the decay of topological de-
fects, the parameter space of CDM ALPs depends on
six quantities, f , θi, HI , m, c, and χ. We show how
the parameter space modifies when considering differ-
ent values of the ALP mass: m = 10−20 eV (top left),
m = 10−10 eV (top right), m = 10−5 eV (bottom left),
and m = 10−3 eV (bottom right). For each panel, the
line f = HI/2pi separates the region where the axion is
present during inflation (top-left) from the region where
the axion field originates after inflation (bottom-right),
for a fixed value c = 1. This line has to be though as
a qualitative bound between the two scenarios we will
describe, since the exact details depend on the inflation-
ary model, the preheating-reheating scenarios, and ax-
ion particle physics. The horizontal line labeled “ALP
CDM” corresponds to the requirement that the primor-
dial ALP condensate has started behaving like CDM at
matter-radiation equality (See Ref. [132] for details),
f >∼
53 TeV
pi
√
eV
m
. (28)
We first discuss the scenario where f > HI/2pi. The
region is bound by the non detection of axion isocurva-
ture fluctuations, obtained from Eq. (12) with the re-
quirement that ρA = ρCDM. We plot the bound for three
different values of the susceptibility: χ = 0 (blue solid
line), χ = 8 (green dotted line), χ = +∞ (red dashed
line). For clarity, we shade in yellow the region below the
minimum of the three curves although we have to bear
in mind that the whole parameter space below a curve of
fixed χ has been ruled out. The change in the slope cor-
responds to the argument of the anharmonicity function
F (θi) approaching pi. For each value of χ, the horizontal
lines in the allowed parameter space show the “natural”
value of f for which ρA = ρCDM and θi = 1, as shown
in Fig. 1. For m = 10−20 eV, the natural value of the
axion energy scale is of the order of f ∼ 1016 GeV, cor-
responding to the “ALP miracle” discussed in Ref. [92].
For smaller values of the ALP mass, the natural value
of f lowers, and the spread among different values of χ
widens, as shown in Fig. 1. The bound from isocurvature
fluctuations steepens when θi decreases, and it is vertical
for θi  1 and for χ = 0, or for f > f¯ . We reformulate
this constraint as an upper bound on HI for a given ALP
theory, which is obtained by combining Eqs. (11), (24),
and (26) as
HI ≤ pifˆ
(
fˆ
m
) 1
4
√
ρCDM
ρˆA
β
1− β∆
2
R(k0) = 10
7GeV
4
√
eV
m
.
(29)
Isocurvature bounds have been used in the string axiverse
realization discussed in Ref. [19], neglecting the depen-
dence on the susceptibility and the anharmonic correc-
tions in the potential. The presence of axion isocurva-
tures in the CMB, whose constrain on the power spec-
trum leads to Eq. (29), relies on the fact that the PQ sym-
metry has never been restored after the end of inflation.
Caveats that allow to evade the bound from isocurvature
fluctuations in Eq. (29) include the presence of more than
one ALP [131] or by identifying the inflaton with the ra-
dial component of the PQ field [133]. This latter tech-
nique has been embedded into the SMASH model [134]
where, for a decay scale f <∼ 4× 1016 GeV, the PQ sym-
metry is restored immediately after the end of inflation
and isocurvature modes are absent, so that the bound in
Eq. (29) does not apply.
In the second scenario f < HI/2pi, the axion is not
present during inflation. In this scenario, a horizontal
line gives the value of f for which the ALP is the CDM
for a given value of the susceptibility. ALPs with an
energy scale smaller than this value are a subdominant
CDM component (green region, ρA < ρCDM), while val-
ues above are excluded (yellow region, ρA > ρCDM). The
constrain in Eq. (25) applies in this region of the pa-
rameter space, for some values of the ALP mass. For
m = 10−20 eV, which lies below the critical value m¯χ
in Eq. (25), we always have ρA < ρCDM, so the region
f < HI/2pi is shaded with green. Larger values of the
ALP mass allow for ρA = ρCDM for some values of f and
χ, avoiding the constrain in Eq. (25).
B. Harmonic potential
In Fig. 2, we have shown the parameter space of ALPs
moving in the cosine ALP potential in Eq. (13), including
the non-harmonic corrections through the function F (θi)
in Eq. (18). However, the ALP potential can greatly dif-
fer from what expressed in Eq. (13). For example, in
the presence of a monodromy [135–137], the degeneracy
among the minima of the cosine potential is lifted by
a quadratic potential, which might dominate the axion
CDM potential [138]. We repeat the computation in the
previous Section for a harmonic potential, by switching
off the non-harmonic corrections, setting F (θi) = 1, con-
sidering the ALP moving in the quadratic potential
VH(θ) =
1
2
f2m2(T )θ2. (30)
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FIG. 2. The APL parameter space for different values of the
ALP mass. We have assumed the ALP potential in Eq. (13).
Top left: m = 10−20 eV. Top right: m = 10−10 eV. Bot-
tom left: m = 10−5 eV. Bottom right: m = 10−3 eV. We
have shown results for different values of the susceptibility:
χ = 0 (solid blue), χ = 8 (dotted green), χ = +∞ (dashed
red). The yellow region is excluded by CDM overproduction,
ρA > ρCDM. The region labeled “Axion isocurvature fluc-
tuations” is excluded below the curve shown. For clarity, we
have shaded in yellow the region below the lowest of the three
curves only. Horizontal lines show the values of f for which
the ALP is the CDM for each ALP mass and for each value
of χ. The green region is accessible, however the ALP is a
subdominant CDM component, ρA < ρCDM. The bound la-
belled “Tensor modes” is derived from the non-detection of
primordial gravitational waves, see Eq. (6).
Inserting Eq. (22) into Eq. (26) for a harmonic potential
to eliminate θi leads to a relation between HI and f ,
f = fˆ
(pifˆ
HI
)2
ρCDM
ρˆA
β∆2R(k0)
1− β

8+2χ
8+χ
. (31)
We show results for the parameter space thus obtained in
Fig. 3. Notice that the upper left panel (m = 10−20 eV)
qualitatively reproduces the results recently obtained in
Ref. [93] when the anharmonic corrections are neglected
in the isocurvature modes. Eq. (29) describes the vertical
blue line at the boundary of the region excluded by the
non-observation of isocurvature fluctuations.
IV. EFFECTS OF ADDITIONAL PHYSICS
BEYOND THE STANDARD MODEL
Additional new physics might sensibly alter the axion
parameter space presented in Fig. 2. Besides the QCD
axion and other ALPs, examples of new physics not cur-
rently described within the framework of the Standard
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FIG. 3. Same as Fig. 2, but for a harmonic potential in
Eq. (30)
Model include additional particles whose presence modi-
fies the effective number of degrees of freedom, or heavy
scalar fields that might have dominated the Universe be-
fore the onset of radiation domination. We discuss some
of the issues in the following. We focus on the case
in which the axion mass is independent of temperature,
since results can be easily generalized.
A. Effective number of degrees of freedom
The existence of particles that are still to be discov-
ered would alter the effective number of relativistic and
entropy degrees of freedom for temperatures larger than
T >∼ O(100) GeV. For example, the maximum number
of effective relativistic degrees of freedom is 106.75 in
the Standard Model, and 228.75 in the Minimal Super-
symmetric Standard Model [115]. Setting 3H(T ) = m,
with H given in Eq. (19) and T = 1 TeV, we obtain that
corrections to gR(T ) from physics beyond the Standard
Model become important when m >∼ 10−4 eV. We thus
neglect these contributions when deriving the results in
Sec. II C.
B. Non-standard cosmological history
The content of the Universe for temperatures larger
than TRH >∼ 4 MeV is currently unknown, with lower
bound being obtained from the requirement that the
Big-Bang nucleosynthesis is achieved in a radiation-
dominated cosmology [139–143]. However, for higher
temperatures, the expansion rate of the Universe could
have been dominated by some unknown form of energy,
7with an equation of state that differs from the one de-
scribing a relativistic fluid. A popular example is the
early domination of a massive scalar field φ, emerging as
a by-product of the decay of the inflaton field. In the
following, we refer to this modified cosmology as being
φ-dominated. The effect of a non-standard cosmological
history might vary the present value of the axion energy
density by orders of magnitude [129], depending on the
equation of state for the fluid that dominates the expan-
sion and the presence of an entropy dilution fact. In a
nutshell, in a φ-dominated Universe the ALP begins to
oscillate at a temperature T1 that is different from what
obtained in the standard picture, because of a different
relation between temperature and time in the modified
cosmology. Assuming that the equation of state of the
φ field in the modified cosmology is p = wρ (w = 1/3
for radiation), for times t larger than the moment tRH
at which the Universe transitions from φ domination to
radiation domination, the Hubble rate is
H =
2
3(w + 1)t
= HRH
(
T
TRH
) 3(w+1)
2
, (32)
where the last expression is valid only if the entropy den-
sity s = gST
3 in a comoving volume is conserved, we
have neglected the contribution from the entropy degrees
of freedom, and
HRH = H(tRH) = A(TRH) T
2
RH
3MPl
. (33)
We consider the temperature dependence of the ALP
mass as m(T ) = m(Teff/T )
χ/2, while the constant ALP
mass case is obtained by setting χ = 0. An early φ
domination modifies the temperature at which coherent
oscillations begin, Eq. (20), as
T1 = Teff
(
fˆRH
f
) 2
3(w+1)+χ (
TRH
Teff
) 3w−1
3(w+1)+χ
. (34)
where fˆRH ≡ MPl/c2A(TRH) ≈ fˆ . The new value of T1
modifies the present energy density, given by Eq. (14)
when it is assumed entropy conservation from the onset
of axion oscillations. The ALP energy density is
ρA= ρˆA
(
m
fˆ
)1/2
〈θ2i 〉
(
cΛˆ
TRH
) (6+χ)(3w−1)
6(w+1)+2χ (
f
fˆ
) 2(16+3χ)+(3w−1)(8+χ)
4[3(w+1)+χ]
,
(35)
where ρˆA has been defined in Eq. (23). Notice that, set-
ting w = 1/3, we obtain the energy density given in the
first line in Eq. (22). The axion energy scale for which
the ALP is the CDM particle reads
f= fˆ
 ρCDM
ρˆA〈θ2i 〉
√
fˆ
m

4[3(w+1)+χ]
2(16+3χ)+(3w−1)(8+χ)(
TRH
cΛˆ
) 2(6+χ)(3w−1)
2(16+3χ)+(3w−1)(8+χ)
.
(36)
For a generic cosmological mode, the constraint in
Eq. (25) for the region f < HI/2pi modifies as
m ≥ fˆ
 64pi
∆2R(k0) rk0
(
fˆ
MPl
)2
2(16+3χ)+(3w−1)(8+χ)
2[3w(8+χ)+χ]
×
×
(
ρCDM
ρˆA〈θ2i 〉
) 4[3(w+1)+χ]
3w(8+χ)+χ
(
TRH
cfˆ
) 2(6+χ)(3w−1)
3w(8+χ)+χ
. (37)
The latter expression depends on two additional param-
eters w and TRH, and gives the result already obtained
in Eq. (25) for w = 1/3.
For w < 1/3, Eq. (37) can be restated as a lower bound
on the reheating temperature, valid when assuming that
the ALPs considered make up the totality of the CDM
observed and that coherent oscillations in the field began
after inflation, in a φ-dominated cosmology. In the case of
an early matter-dominated cosmology w = 0, the bound
in Eq. (37) can be restated as a bound on the reheating
temperature as
TRH≥cfˆ
(
fˆ
m
) χ
2(6+χ)
 64pi
∆2R(k0) rk0
(
fˆ
MPl
)2
24+5χ
4(6+χ)(
ρCDM
ρˆA〈θ2i 〉
) 6+2χ
6+χ
.
(38)
If the mass is not affected by non-perturbative effects
and χ = 0, like for accidental ALPs, the expression
above becomes independent on m and yields the bound
TRH >∼ 3 GeV, which is about three orders of magnitude
more stringent than what obtained in Refs. [139–143] us-
ing BBN considerations. We nevertheless stress that the
bound in Eq. (38) can be easily evaded, given the strong
assumptions under which it has been derived.
C. Dilution factor
Some scenarios predict a violation in the conservation
of the total entropy in a comoving volume, sa3, due for
example to the decay into lighter degrees of freedom of
the φ field that dominates the Universe at that time. This
is the case, for example, of a low-temperature reheat-
ing (LTR) stage [123, 144–146], in which the Universe is
dominated by a massive, decaying moduli field. In this
situation, the relation between the scale factor and tem-
perature changes from the simple relation g
1/3
S T ∼ 1/a
to a generic relation aT δ ∼ const, where δ is a new con-
stant in the model. For example, δ = 8/3 in the LTR
scenario [147]. A different parametrisation consists in
assuming that a certain amount of entropy γ is produced
during the decaying stage [144, 148, 149]. See Ref. [150]
for the cosmology with a decaying kination field [90, 151–
156]. Either way, the effect of entropy dilution reduces
the present energy density of axions in Eq. (22) by a fac-
tor γ, and the bound on the ALP mass in Eq. (25) is
lowered. In general, we obtain the ALP energy density
to be diluted by a factor ρA → ρA/γ. If γ were to be
8independent on the ALP mass, we would get a reduction
by m¯χ → m¯χ/γ2.
We compute the dilution factor in the LTR scenario as
γ =
gS(TRH)a
3
RT
3
R
gS(T1)a31T
3
1
=
gS(TRH)
gS(T1)
(
T1
TRH
)3(δ−1)
=
=
gS(TRH)
gS(T1)
(
Teff
TRH
)3(δ−1)(
fˆ
f
) 6(δ−1)
4+χ
, (39)
where in the last step we have used the expression for T1
in Eq. (20) for the case f ≤ fˆ . Since we expect oscil-
lations to begin in the φ-dominated scenario, for which
T1 > TRH, demanding δ > 1 indeed leads to a dilution
that is larger than one. For example, using TRH = 4 MeV
and m = 10−5 eV with δ = 8/3 and χ = 0, we obtain
γ ≈ 1020. This large discrepancy with respect to the
standard cosmology scenario has been used in Ref. [129]
to dilute the energy density of the cosmological QCD ax-
ion, obtaining results that sensibly differ from the stan-
dard picture. Taking the expression for ρA in Eq. (22),
we rephrase the bound in Eq. (25) when the dilution in
Eq. (39) is added as
m ≥
(
gS(T1)
gS(TRH)
gR(T1)
gR(T0)
H20
T 30
48ΩCDM
〈θ2i 〉∆2R(k0)rk0
) 2
3δ−2
×
×
(A(T1)
MPl
) 3(δ−2)
3δ−2
T
6(δ−1)
3δ−2
RH ∼ 10−13 eV. (40)
We have treated separately the effects due to the mod-
ified expansion rate and dilution to obtain the bounds
in Eqs. (37) and (40). A consistent derivation within a
modified cosmology (say, LTR), has to consistently take
into account both effects.
V. CONCLUSION
The present energy density of ALPs depends on both
its mass m and the energy scale f . In general, these pa-
rameters can be tuned so that ρA = ρCDM. However, in
models where the ALP field originates after inflation, we
have shown in Sec. II C that the bound on the scale of
inflation HI from the non-detection of primordial gravi-
tational waves leads to a minimum value of the ALP mass
m¯χ below which the tuning of m and f is no longer possi-
ble. An ALP with mass m < m¯χ can still be a CDM can-
didate if it spectates inflation. In this latter scenario, the
scale of inflation HI is bound by the ALP mass through
Eq. (29) which, although used in other work [13–19], has
never been explicitly derived before. We have shown how
these results affect the parameter space of the ALP for
different values of the mass and of the susceptibility in
Fig. 2 (cosine potential) and Fig. 3 (harmonic potential).
Finally, we have commented on how results are affected
by the presence of additional physics beyond the stan-
dard model, focusing on the modification of the effective
number of degrees of freedom, non-standard inflation and
post-inflation cosmologies, and entropy dilution.
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Appendix A: Review of the vacuum realignment
mechanism
1. Equation of motion for the axion field
The ALP field originates from the breaking of the PQ
symmetry at a temperature of the order of f . The equa-
tion of motion for the angular variable of the ALP field
at any time is
θ¨ + 3H θ˙ − ∇¯
2
R2
θ +m2(T ) sin θ = 0, (A1)
where θ is the ALP field in units of f , ∇¯ is the Lapla-
cian operator with respect to the physical coordinates x¯,
and R is the scale factor. To derive Eq. (A1), we have
considered the simplest possible ALP potential V (θ) =
f2m2(T ) (1− cos θ). The mass term in the equation of
motion becomes important when the Hubble rate is com-
parable to the axion mass,
H(T1) = 3m(T1), (A2)
whose solution gives the temperature T1 when coherent
oscillations begin. Setting the scale factor and the Hub-
ble rate at temperature T1 respectively as R1 and H1,
we rescale time t and scale factor R as t → H1t and
R→ R/R1, so that Eq. (A1) reads
θ¨ + 3H θ˙ − ∇
2
R2
θ + 9g2 sin θ = 0, (A3)
where the Laplacian operator is written with respect
to the co-moving spatial coordinates x = H1R1 x¯ and
g = G(T )/G(T1). We work in a radiation-dominated
cosmology, where time and scale factor are related by
R ∝ t1/2. Setting θ = ψ/R, Eq. (A3) reads
ψ′′ −∇2 ψ + 9g2R3 sin
(
ψ
R
)
= 0, (A4)
where a prime indicates a derivation with respect to R.
Eq. (A4) coincides with the results in Ref. [21], where the
conformal time η is used as the independent variable in
place of the scale factor R.
Taking the Fourier transform of the axion field as
ψ(x) =
∫
e−iq x ψ(q), (A5)
9we rewrite Eq. (A4) as
ψ′′ + q2 ψ + 9g2R3 sin
(
ψ
R
)
= 0. (A6)
Eq. (A6) expresses the full equation of motion for the
axion field in the variable R, conveniently written to be
solved numerically.
2. Approximate solutions of the equation of motion
Analytic solutions to Eq. (A6) can be obtained in the
limiting regime ψ/R 1, where Eq. (A6) reads
ψ′′ + κ2(R)ψ = 0, (A7)
with the wave number κ2(R) = q2 + 9g2R2. An approx-
imate solution of Eq. (A7), valid in the adiabatic regime
in which higher derivatives are neglected, is [21, 157]
ψ = ψ0(R) exp
(
i
∫ R
κ(R′) dR′
)
, (A8)
where the amplitude ψ0 is given by
|ψ0(R)|2 κ(R) = const. (A9)
Each term appearing in κ(R) is the leading term in a
particular regime of the evolution of the axion field. We
analyze these approximate behavior in depths in the fol-
lowing.
• Solution at early times, outside the horizon
At early times t ∼ R2 <∼ t1 prior to the onset
of axion oscillations, the mass term in Eq. (A7)
can be neglected since m(T )  m(T1). Defining
the physical wavelength λ = R/q, we distinguish
two different regimes in this approximation, corre-
sponding to the evolution of the modes outside the
horizon (λ >∼ t) or inside the horizon (λ <∼ t). In
the first case λ >∼ t, Eq. (A7) at early times reduces
to ψ′′ = 0, with solution (ψ = Rφ)
φ(q, t) = φ1(q) +
φ2(q)
R
= φ1(q) +
φ2(q)
t1/2
, (A10)
the first solution being a constant in time φ1(q),
while the second solution dropping to zero. The ax-
ion field for modes larger than the horizon is “frozen
by causality” [157].
• Solution at early times, inside the horizon
Eq. (A7) for modes that evolve inside the horizon
λ <∼ t reduces to
ψ′′ + q2 ψ = 0, (A11)
whose solution in a closed form, obtained through
Eq. (A8) and φ = ψ/R, reads
φ ∝ R−1 exp (iq R) . (A12)
The dependence of the amplitude |φ| ∼ 1/R in
Eq. (A12) is crucial, since it shows that the axion
number density scales as cold matter,
nA(q, t) ∼ |φ|
2
λ
∼ 1
R3
. (A13)
• Solution for the zero mode at the onset of oscilla-
tions
An approximate solution of Eq. (A7) for the zero-
momentum mode q = 0, valid after the onset of
axion oscillations when t ∼ t1, is obtained by set-
ting
κ(R) ≈ 3gR, (A14)
so that the adiabatic solution for ψ in Eq. (A8) in
this slowly oscillating regime gives the axion num-
ber density
nmisA (R) =
1
2
m(R) f2
|ψ|2
R2
= nmis1
(
R
R1
)−3
, (A15)
where nmis1 is the number density of axions from
the misalignment mechanism at temperature T1,
nmis1 =
1
2
m(T1) f
2 F (θi)θ
2
i , (A16)
and F (θi) is a function that accounts for neglecting
the non-harmonic higher-order terms in the Tay-
lor expansion of the sine function, see Eq. (18).
Eq. (A15) shows that the axion number density of
the zero modes after the onset of axion oscillations
scales as cold matter, with R−3. The present ALP
energy density is found by conservation of the co-
moving axion number density,
ρA = mn
mis
1
s(T0)
s(T1)
= mnmis1
g∗S(T0)
g∗S(T1)
(
T0
T1
)3
, (A17)
where s(T ) is the entropy density and g∗S(T ) is the
number of degrees of freedom at temperature T .
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